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Comments on Bosonization of the extended Thirring Model with
SU(2) Symmetry
Jiro Sakamoto∗) and Keiji Mano
Department of Material Science, Shimane University, Matsue 690-8504, Japan
Bosonization of the extended Thirring model with SU(2) symmetry in the Minkowski
path integral method is discussed. We argue that it is not an easy task to bosonize such a
model if we derive correctly the fermion determinant which is induced with the decoupling
transformation because it seems that there arise ghost fields. This is contrary to what is
shown in a textbook and some people believe.
§1. Introduction
In a previous paper 1) we derived the direct correspondence between the fermion
currents and the boson fields for the extended Thirring model with SU(2) symmetry
in the Minkowski path integral method, and we showed that the corresponding boson
model contains ghost fields which interact with the other boson fields in a complex
manner and that it is hard to eliminate them, while in the original Thirring model
such ghost field also arises but it is decoupled from other fields and disappears in
the final Lagrangian.
Since Coleman carried out the bosonization of the massive Thirring model and
showed that it is equivalent to the sine-Gordon model, 2) many people have attempted
to apply this technique to fermion models with non-Abelian symmetries, 3) and some
people believe that the bosonization of the Thirring model with SU(N) symmetry
can be easily carried out. 4) Their consequences, however, do not agree with ours
mentioned above. In the present paper we argue that in their formulation the fermion
determinant, which is induced by the decoupling transformation of the fermion fields,
is not correctly derived.
In the next section, after reviewing the formulation of Ref. 4) briefly we derive
the correct expression of the fermion determinant for the decoupling transformation
following Fujikawa’s method. 3), 5), 6) We use the same notation as in the previous
paper. 1): gµν = (−1,+1), ǫ01 = −ǫ01 = 1, γ0 = iσx, γ1 = σy and γ5 = σz. The 2× 2
matrices of the SU(2) generators are given by τ1 =
1
2σx, τ2 =
1
2σy and τ3 =
1
2σz. We
use the first part of the Roman alphabet as SU(2) suffixes 1, 2, 3 and the middle
part i, j as only 1 and 2.
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§2. Derivation of the fermion determinant
Our initial Lagrangian for the extended Thirring model with SU(2) symmetry
is given by
L = ψ/∂ψ + g
2
3∑
a=1
jaµj
µ
a +
g′
2
jµj
µ, (2.1)
with the SU(2) current
jaµ = iψτaγµψ (2.2)
and the U(1) current
jµ = iψγµψ. (2.3)
The last term in Eq.(2.1) is necessary for renormalizability of the model. The gen-
erating functional is given by
Z =
∫
dψdψ exp i
∫
d2xL. (2.4)
Now we review the formulation of Ref. 4) briefly. We divide Eq.(2.1) into two
parts as follows,
L0 = ψ/∂ψ + g
2
j3µj
µ
3 +
g′
2
jµj
µ, (2.5)
LI = g
2
2∑
i=1
jiµj
µ
i . (2.6)
L0 of the above expressions consists of the diagonal parts of the SU(2) multiplets
and is treated as the non-perturbative part of the Lagrangian, and LI is treated as
the perturbative part. Eq.(2.5) is equivalently rewritten as
L0 = ψ/∂ψ + j3µAµ3 −
1
2g
A3µA
µ
3 + jµa
µ − 1
2g′
aµa
µ, (2.7)
with auxiliary vector fields A3µ and aµ. In two-dimensional spacetime, these vector
fields are expressed as
A3µ = ∂µΛ3 + ǫµν∂
νΦ3, (2.8)
aµ = ∂µλ+ ǫµν∂
νφ. (2.9)
We substitute the above expressions into Eq.(2.7) to obtain
L0 = ψ{/∂ + iτ3(/∂Λ3 + γ5/∂Φ3) + i(/∂λ+ γ5/∂φ)}ψ
− 1
2g
{∂µΛ3∂µΛ3 − ∂µΦ3∂µΦ3} − 1
2g′
{∂µλ∂µλ− ∂µφ∂µφ}, (2.10)
where we use the identity γ5γµ = −ǫµνγν . The generating functional for L0 is given
by
Z0 =
∫
dψdψdΛ3dΦ3dλdφ exp i
∫
d2xL0. (2.11)
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The coupling terms between the fermion and boson fields in (2.10) are eliminated
by the following decoupling transformation,
ψ → ψ′ = U(Λ3, Φ3, λ, φ)ψ, (2.12a)
U(Λ3, Φ3, λ, φ) = exp i{τ3(Λ3 − γ5Φ3) + λ− γ5φ}, (2.12b)
and we have
L0 = ψ′/∂ψ′ − 1
2g
{∂µΛ3∂µΛ3 − ∂µΦ3∂µΦ3} − 1
2g′
{∂µλ∂µλ− ∂µφ∂µφ}. (2.13)
The kinetic terms of Φ3 and φ in the above expression have wrong signs and they
seem to be ghost fields. As is seen in the following, however, φ is decoupled from
the other fields and Φ3 is absorbed to the other fields and they finally disappear.
The fermion Jacobian which is induced with the transformation eq.(2.12) is
derived following Fujikawa’s method as 1), 3), 5)
J = exp i
∫
d2x
1
4π
{(∂Φ3)2 + 2(∂φ)2}, (2.14)
where we use the eigenfunction ψn(x; t) defined by
i /D(t)ψn(x; t) ≡ i(/∂ + i/a(t))ψn(x; t) = λnψn(x; t) (2.15)
as the basis functions for the Jacobian. Here we put
/a(t) = U(−Λ3, Φ3,−λ, φ;−t)/aU(Λ3, Φ3, λ, φ;−t)
−iU(−Λ3, Φ3,−λ, φ;−t)/∂U(Λ3, Φ3, λ, φ;−t), (2.16)
with
/a = Aµ3γµτ3 + a
µγµ = (/∂Λ3 + γ5/∂Φ3)τ3 + /∂λ+ γ5/∂φ, (2.17)
U(Λ3, Φ3, λ, φ; t) = exp it{τ3(Λ3 − γ5Φ3) + λ− γ5φ}. (2.18)
Eq.(2.15) corresponds to the Euler equation for the fermion field obtained from L0
of (2.7),
i(/∂ + i/a)ψ = 0. (2.19)
By the decoupling transformation (2.12), currents jiµ (i = 1, 2) in LI of (2.6) are
transformed as
jiµ = iψτiγµψ = iψ
′τiγµ exp{−2iτ3(Λ3 − γ5Φ3)}ψ′, (2.20)
and LI is rewritten as
LI = −g
2
ψ′1γµ exp{−iγ5Φ3}ψ′2ψ′2γµ exp{iγ5Φ3}ψ′1, (2.21)
where we put ψ′ of SU(2)-doublet as
ψ′ =
(
ψ′1
ψ′2
)
. (2.22)
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Eq.(2.21) is rewritten as
LI = g
{
ψ′1+ψ
′
2+ψ
′
2−ψ
′
1− exp{−2iΦ3}+ ψ′1−ψ′2−ψ′2+ψ′1+ exp{2iΦ3}
}
= −g
{
ψ′1+ψ
′
1−ψ
′
2−ψ
′
2+ exp{−2iΦ3}+ ψ′1−ψ′1+ψ′2+ψ′2− exp{2iΦ3}
}
(2.23)
with putting spin-doublet as
ψ′i =
(
ψ′i+
ψ′i−
)
. (2.24)
We note that all the boson fields except Φ3 are decoupled from the fermion fields
and can be eliminated by the path integration. In a perturbative expansion over LI
we see that we can replace the fermion fields with their boson counterparts θi and
obtain the effective Lagrangian
L = − 1
2g
{
(∂Λ3)
2 − (∂Φ3)2
}
− 1
2g′
{
(∂λ)2 − (∂φ)2
}
+
1
4π
(∂Φ3)
2 +
1
2π
(∂φ)2
−1
2
(∂θ1)
2 − 1
2
(∂θ2)
2 + gµ2 cos
{√
4π(θ1 + θ2) + 2Φ3
}
, (2.25)
where µ is an infrared cutoff parameter with mass dimension. 4), 6) We put
Θ =
√
4π(θ1 + θ2) + 2Φ3, (2.26)
to change Φ3 → Θ and integrate over θi, λ, φ and Λ3 to obtain
L = − 1
16π
(
1 +
g
2π
)
(∂Θ)2 + gµ2 cosΘ. (2.27)
As mentioned before the ghost field φ is decoupled from other fields and Φ3 is ab-
sorbed into Θ, and there is no ghost field in the above expression.
The simple expression (2.27), however, obviously disagrees with our previous
consequence in Ref.1). The decomposition of the Lagrangian into Eqs.(2.5) and (2.6)
violates SU(2) symmetry and the fermion Jacobian (2.14) is not correctly derived.
To see this we introduce auxiliary vector fields Aaµ and aµ to rewrite (2.1) as
L = ψ/∂ψ + jaµAµa −
1
2g
AaµA
µ
a + jµa
µ − 1
2g′
aµaµ
= ψ{/∂ + iτa(/∂Λa + γµǫµν∂νΦa) + i(/∂λ+ γµǫµν∂νφ)}ψ
− 1
2g
{∂µΛa∂µΛa − ∂µΦa∂µΦa} − 1
2g′
{∂µλ∂µλ− ∂µφ∂µφ}, (2.28)
where we put
Aaµ = ∂µΛa + ǫµν∂
νΦa, (2.29a)
aµ = ∂µλ+ ǫµν∂
νφ. (2.29b)
By the decoupling transformation (2.12), Lagrangian (2.28) is transformed into
L = ψ′{/∂ + i
∑
i=1,2
/A′iτi}ψ′
− 1
2g
{∂µΛa∂µΛa − ∂µΦa∂µΦa} − 1
2g′
{∂µλ∂µλ− ∂µφ∂µφ}, (2.30)
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where we put ∑
i=1,2
/A′iτi ≡
∑
i=1,2
eiτ3(Λ3+γ5Φ3) /Aiτie
−iτ3(Λ3−γ5Φ3)
=
∑
i=1,2
e2iτ3(Λ3+γ5Φ3) /Aiτi. (2.31)
To derive the Jacobian for the decoupling transformation (2.12) we use the eigen-
function ψn(x; t) which satisfies
i /D′(t)ψn(x; t) ≡ i(/∂ + i /A(t))ψn(x; t) = λnψn(x; t), (2.32)
instead of (2.15), where we define /A(t) as
/A(t) = U(−Λ3, Φ3,−λ, φ;−t) /AU(Λ3, Φ3, λ, φ;−t)
−iU(−Λ3, Φ3,−λ, φ;−t)/∂U(Λ3, Φ3, λ, φ;−t), (2.33)
with
/A =
3∑
a=1
/Aaτa + /a. (2.34)
Eq.(2.33) is rewritten as
/A(t) = (1− t)(/A3τ3 + /a) + exp{2itτ3(Λ3 + γ5Φ3)}
∑
i=1,2
/Aiτi. (2.35)
We see /A(1) =
∑
i=1,2 /A
′
iτi. The equation (2.32) corresponds to the Euler equation
for the fermion field obtained from the Lagrangian (2.28);
i(/∂ + i /A)ψ = 0. (2.36)
The fermion measure is transformed under (2.12) as
dψ = |detU(Λ3, Φ3, λ, φ)|dψ′, (2.37)
dψ = |detU(−Λ3, Φ3,−λ, φ)|dψ′. (2.38)
The determinant of the above expression (2.37) is derived as 1)
|detU(Λ3, Φ3, λ, φ)| = exp i
4π
∫
d2xW, (2.39)
with
W =
∫ 1
0
dtTr [γ5(φ+ τ3Φ3){/∂ /A(t) + i /A(t) /A(t)}]
=
∫ 1
0
dtTr[γ5(φ+ τ3Φ3){−(1 − t)ǫµνγ5(∂µAν3τ3 + ∂µaν)
+τ3γ5ǫijǫµνA
µ
i A
ν
j cos(2tΦ3)− τ3γ5AνiAνj δijgµν sin(2tΦ3)}]
= −
[
1
2
ǫµν∂
µAν3Φ3 + ǫµν∂
µaνφ
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−1
2
ǫijǫµνA
µ
i A
ν
j sin(2Φ3) +
1
2
gµνA
µ
i A
ν
i {1− cos(2Φ3)}
]
=
[
1
2
(∂Φ3)
2 + (∂φ)2 + ǫij∂
µΛi∂µΦj sin(2Φ3)
−1
2
(∂µΛi∂µΛi − ∂µΦi∂µΦi){1 − cos(2Φ3)}
]
. (2.40)
The determinant (2.38) is derived samely. Then the effective Lagrangian including
these determinants is given by
L = ψ′(/∂ + i/A′iτi)ψ′ −
1
2g
{
(∂Λa)
2 − (∂Φa)2
}
− 1
2g′
{
(∂λ)2 − (∂φ)2
}
+
1
4π
[
(∂Φ3)
2 + 2(∂φ)2
+2ǫij∂
µΛi∂µΦj sin(2Φ3)− (∂µΛi∂µΛi − ∂µΦi∂µΦi){1 − cos(2Φ3)}
]
.
(2.41)
We can obtain the same effective Lagrangian as (2.25) by the path integration over
Λi and Φi if the last line in the above equation does not exist.
§3. Concluding remark
We discuss bosonization of the extended Thirring model with SU(2) symmetry.
As in the textbook of Ref.4), we divide the current-current interaction g
∑3
a=1 j
µ
a j
a
µ+
g′jµjµ into gj
µ
3 j
3
µ+g
′jµjµ and g
∑2
a=1 j
µ
a j
a
µ. We convert the former interaction terms
into j3µA
µ
3+jµa
µ with introducing the auxiliary boson fields A3µ and aµ and eliminate
them from the action by the decoupling transformation. Calculating the Jacobian
induced by the decoupling transformation and perturbative expansion with respect
to the latter interaction terms, we obtain the corresponding boson model (2.27). We
note, however, that such derivation of the Jacobian for the decoupling transformation
violates the SU(2) symmetry, and we derive the correct expression (2.41) for the
effective Lagrangian. If we eliminate ψ′i/A′iτiψ
′ in (2.41) by a further decoupling
transformation, we will obtain the same Lagrangian as in Ref.1), although it has a
much complicated form and seems to contain ghost fields. Optimistically these fields
may be absorbed to the other fields and may finally disappear from the effective
Lagrangian as in the ordinary Thirring model, which is open for future investigation.
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